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A 3/c-block is a set of 3k points on a real non-singular cubic curve, which are the 
points of intersection of a real cubic curve and a curve of degree k. It has been 
proved [3] that 3k- 1 points on a real cubic curve uniquely determine the 
remaining point of a 3k-block and that this point can be located using only straight 
edge constructions. An n3k configuration consists of n points and n 3k-subsets, 
such that any two of the n points are on at most 1 of the subsets (we abbreviate 
3k-subset to subset when confusion cannot result) and any two of the subsets have 
at most 1 point in common. It is proved that such nXk configurations exist with 
the n points on a cubic curve and the 3k-subsets being 3k-blocks of points on the 
cubic. 0 1991 Academic Press, Inc. 
1. INTRODUCTION 
A non-singular cubic curve whose coefficients lie in a field has the 
property that the straight line joining any two of its points meets the curve 
in a third point (which may coincide with one of the two points.) We intro- 
duce an algebra having a single binary operator 0, defined on the set of 
points of the cubic curve such that r 0 s = t iff the line joining r and s meets 




The first two of these identities follow immediately from the definition of 0, 
the third is a consequence of a configuration theorem valid for all points 
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on a nonsingular cubic curve co-ordinated by a field. The identity (3) is 
established in [2]. From (l), (2), and (3) the identity 
((u~b)“c)~d=((a~d)~c)~b (4) 
is derived. It is known that a basis for the algebras are the identities (l), 
(2), and (3), or, alternatively, the identities (I), (2), (4). Associated with 
such an algebra A is an abelian group G, where we define the operator + 
by a + b = (a 0 b) 0 Z, where I is a fixed but arbitrarily chosen element of A. 
It follows from (l), (2), (3) that G is an abelian group, having I the identity 
element and --x = x 0 (lo 1). If the cubic curve is co-ordinated by the field 
of real numbers, then the algebra A contains 3 idempotents, corresponding 
to the three real inflexion points on the curve. In this case it is convenient 
to take Z as an idempotent element. Then -x = x 0 Z and it follows easily 
that sob= -u-b. Also Y, s, and t are collinear iff ros=t or --r--s=t. 
Hence, Y + s + t = 0 is a necessary and sufficient condition for collinearity 
(where if I = s the line joining r to s is the tangent line to the curve at r, 
and if Y = s = t the point r is an inflexion point). 
For n = 1 or 2 mod 3 we can find words of length yt in which each 
element appears exactly once whose values are unchanged by any 
permutation of the elements. These are defined recursively as follows: 
wl(al) = a,, wz(al, a2) = wl(al) 0 a2, and if n = 1 mod 3, 
Wn+l(Ul, a2> ..*9 %+,)=w,(~,, 02, .-*, %2)o&z+l 
and if n=2 mod 3, 
~,+2(4, a2, . . . . 4+2)=wn(a~T a2, . . . . 4Jo(4+loan+2). 
That these words are invariant under permutations of its elements was 
shown in [3]. In fact, if we go to the representation of the algebra as a 
group, (with an inflexion point the 0 element of the group), it was shown 
[3] that ~,(a~, a2, . . . . ai) =a, +a, + ... +a, if ir 1 mod 3 and 
Wi(4, a29 -a., q) = -a, - a, - . . . -aj if i-2 mod 3. In the case i=2 
mod 3, if ai+,=wi(al,a2 ,..., ui) then a,+~,+ .‘. +LZ~+~=O, and in the 
equation ai + 1 = ~,(a,, u2, . . . . ai) we may permute the whole set 
ul, u2, ***3 ai ai+ 1 arbitrarily and obtain a valid equation. For i = 2 mod 3 
put i=3k- 1 and we have the equation ask= wgk-i(al, a2, . . . . a3kpl). It is 
also known [3], that this equation is necessary and sufficient for the points 
a19 a23 ‘**Y aJk- i, u3k to form a 3k-block, i.e., the set of points of intersection 
of a non-singular cubic with a curve of degree k. Since the points on the 
cubic curve determine an abelian group G, a necessary and sufficient condi- 
tion for a,, a*, . . . . &k to be a block is a,+a,+ ... +a,,=O. 
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In [l], a method of constructing a design on a set K of IZ elements wit 
a collection h4 of II subsets of K of size r was given with the properties that 
(1) Every two members of K are in at most one of the subsets of M. 
(2) Any two members of M contain at most one element of K in 
common. 
In the case that Y = 3k we will refer to the members of M as 3k-subsets 
and the members of K as points. The construction given in [l] is as 
follows. Let the members of K be represented by the integers mod FZ. We 
obtain a starting 3k-subset by taking a set (0, u2, u3, . . . . Q~) with a, = 0 
and such that the differences ai- aj, are distinct mod n for all i and j, i #j. 
The 3k-subsets of h4 are the sets (i, a2 + i, a3 -t i, . . . . ajk -I- i) for i = 
0, 1, 2, . ..) n - 1. It is easy to verify that these subsets satisfy (1) and (2). In 
what follows we will refer to this specific n3k configuration as 
(0, a2, u3, . . . . ask) mod FZ. 
2. EMBEDDING THE CONFIGURATIONS ON REAL CUBIC CURVES 
The group G corresponding to the points on a non-singular cubic curve 
over the field of complex numbers is Si x S1, where S1 is the group under 
multiplication of the unimodular complex numbers. In the case of the real 
field the group is S1 x 2, or S1 depending on whether the curve has two 
branches or one (see [.5]). Here, Z, is the cyclic group of order 2. The 
finite subgroups of the full group are the groups Z, or Z, x Z,. 
Suppose now we have an n3k configuration of n points and n 3k-subsets. 
Suppose there is a mapping Y -+ q(r) from the points of the configuration 
to the elements of a group Z, or Z, x C2. If the mapping is such that for 
each 3k-subset a,, a2, . . . . a3,+ of the configuration cp(a,)+ rp(a,)+ ... -I- 
q~(a~~) = 0, then there is a real cubic curve containing the IZ points of the 
risk configuration such that the 3k-subsets of the configuration are blocks 
on the curve. 
Specializing now to the n3k configuration (0, al, . . . . a3k) mod n, where the 
collection of 3k-subsets consists of (i, a, + i, . . . . a3k + i) for i = 0, 1, . . . . n - 1 
and where the entries are taken mod IE we look for an embedding in some 
cyclic group Z,. We now consider Z, embedded in the ring R, of integers 
mod m. If we can find an x in R, such that g.c.d. (x, m) = 1, x is of order 
n mod m and such that 1+ xaz + xa3 + . . . + +k = 0 mod m, then the map- 
ping q(i): i + xi for i = 0, 1, 2, . . . . n - 1 is a valid embedding. This follows 
from the fact that the 3k-subset (s, a2 + s, . . . . ff3k + s) is such that xs $ 
xa’2ts f . . . $p3k+s=xyl+xa2+ . . . + xn3*) s 0 mod m, for every s. The 
fact that x” = 1 mod m implies that n 1 n(m), where the function A.(m) 
(Carmichael function) is defined to mean the maximum order of an 
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invertible element in R,. In this general context the finding of x and m 
involves much ad hockery and is quite difficult even with the use of a 
computer. Nevertheless, we have found a number of solutions for the case 
k = 1. For example, if II = 60, and m = 143 = 11.13 then A(m) = 60, and the 
embedding for (0, 1,3) mod 60 is i -+ 46’ mod 143. 
If now we restrict consideration to the case m = p, where p is prime, 
systematic results may be obtained. In this case the integers mod p are the 
elements of the Galois field, and the fact that we are working in a field 
allows us to use the appropriate tools in the theory of algebraic equations. 
For the configuration (0, u2, . . . . ajk) mod n let f(x) = 1+ xaz + . . . + xn3k 
and let g(x) = q,,(x), the cyclotomic polynomial for the nth roots of unity. 
The polynomials f(x) and g(x) are manic and have integer coeflicients. 
They also do not have a common rational root. Hence the resultant off 
and g is a non-zero integer r. We compute this resultant and find the prime 
divisors of r. If one of these p (say) is such that p > n, then f(x) and g(x) 
have a common root in GF(p). Next we hind the g.c.d. off and g over 
GF(p). This is normally a linear factor x-b. Hence, b is a common root 
off and g. This implies that the mapping i -+ b’ mod p yields the required 
embedding. (For a few exceptional values of 12 the g.c.d. off and g is a 
polynomial of degree 2.) 
Some Examples 
In the following examples the calculations were made using the computer 
package MAPLE. They may be verified using a hand held computer. For 
k = 1 it has been proven that for sufficiently large IZ and ylj is embeddable 
on a real cubic. In fact, it appears that the ~1~ is embeddable for all 29. 
For k = 2 we have calculated the following embeddings: 
(1) For (0, 1, 3, 8,12, 18) mod 40 the appropriate mapping is i + 
1455079” mod 1690441. 
(2) For (0, 1, 3, 8, 12, 18) mod 37 the mapping is i-+ 104’ mod 149. 
(3) For (0, 1, 3, 8, 12,18) mod 48 the mapping is i + 44’ mod 97. 
For k = 3 we have the following example. For (0, 1,3,7, 12,20, 30, 
44,65) mod 132, the mapping is i-+ 1261’ mod 1321. 
We make the following conjecture. For fixed k there is a number IZ~ and 
a configuration (0, a2, . . . . +) mod n such that the configuration n3k is 
embeddable as a block configuration on a real cubic curve for all n > n,. 
While we have no formal proof for this conjecture, the argument sup- 
porting it is the following. For fixed k, as IZ increases the resultant r offand 
g is very large in comparison with IZ. Hence the likelihood of all the prime 
divisors of r being less than y1 is very small. Besides, there are a large 
number of difference sets upon which to build a configuration qk and the 
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number of such difference sets increases very rapidly with n. It seems even 
more remote that for each difference set the resultant would have all of its 
prime factors less than n. As an example of the orders of magnitude 
involved the following are the figures obtained for our example k = 2, 
n = 132. In this case Y = 5277182576342689 = (1321)(75095197)(53197). We 
used the prime factor 1321 in our example but the other factors would have 
worked equally well. For n/3k small we can produce counterexamples. A 
noteworthy case is when n = (3k - 1)’ + (3k - 1) + 1. Here the n3k is a 
projective plane when the 3k-subsets are taken as lines. In another paper 
we will establish the impossibility of the embedding. We might even go out 
on a limb and conjecture that for a fixed k and n an(k), then by the 
appropriate choice of difference set there will be a mapping into Z,, where 
p is the smallest prime such that p z 1 mod II. For k = 1, we have much 
numerical evidence to support the conjecture. 
A Theorem on Multiple Embedding of a Configuration 
THEOREM. Let K be an ngk configuration given by (0, a2, a3, . . . . ask) 
mod n whose vertices are on a real cubic curve determined by a mapping 
i -+ b’ mod p. Then it is possible to embed three disjoint copies of K OIZ a 
cubic curve. 
ProoJ The polynomial f(x) = 1 + xu2 + . . . + x”~ is such that if c E 1 
mod 3 f(c) -0 mod 3. By the Chinese remainder theorem there exists a 
number c mod 3p such that c E 1 mod 3 and c - b mod p. The powers 
c, 2, . ..) c* - 1: c” are distinct mod 3p and all are z 1 mod 3. If in Z,, we let 
Hi(i= 0, 1,2) be the set of all integers = i mod 3, we have Z, = Ho + 
N, + H,, where H, is a subgroup of index 3 and H, and H2 are the 
remaining two cosets. The mapping i + ci is a mapping of the vertices of 
K --+ Z, with the images all in H,. The mapping i -+ -ci is an isomorphic 
mapping with images in H, and the mapping i -+ ci - c’+ ’ = ( 1 - c) c’ is an 
isomorphic mapping with images in H,. Since the cosets are disjoint the 
configuration K is embedded disjointly three times on the same curve. 
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